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Let (X
,
B
, M) be a measure space .

Monotone convergence for sels

a) If (Annel is an increasing sequence
of sets

in B
,

is Az

Ap A
,
=Az ....

As
then m(An)- din aeCAn) .

Ap

b) If (An)neIN is a decreasing Ar

sequence of Me-measurable sets Al
with m(Ar)<so, then

Az

M(lAn) = lin (An)
ne IN

Caution
We need m(Ar) <10 for b) Consider e .

g .

An= (n
,
c
, m = X

, Lebesque measure .

Then MeCAn) = co Fra but

,

An = O .



Propiontify :

set As= Ao
, An= An Anne

Then alUAl = m(WAr') = m(An
70
k

k= 0 k = 1
K Az

I lim SmiAr
As n ->D k = 1

Ap =limm(An)
n - B

b) Set Bu : = Ar 1 An
,
so W Br = Ar)Ao

,

n=0

lAr where Ap= nzoAn .

Al

Az Then EBabuco is an increasing requence,
with

m( Br) = m(A-An
-> x(Ar) - M(Aa)

By part al m (WBu)= i ne(B)
= M(Ar) - (An)

Hence
, cancelling m(Ar on both sides

,

m(Ad= lin M(An) .
n - 2



BantelliLemmas

Let P be a property of some points in X .

TFAE

terminology :

· Ex+X : x satisfies P] is coll (w . r. t . M)
· almost
· P holds Most el point x satisfies P

everywhere (a .
e)

.

· P holds almost surely (a . s .)

/We can also say that pe positive ly many x =
L

satisfy Pif mEx : x satisfies P3 - 0 L

Lemma (Borel-Cantelli)
Let SAnEcobe a sequence of measurable sets

.

al If 50 M(An) <0 then a.e. x=X lives in
at most finitely many An

,

in the set (x=X : 7, x = An]

- ExcX :

x lives is infinitely many And
is null

.

Lemma (Partial converse/measure compactness)
b) Suppose w(X) < c

.

If there is a fixed Ex0

such that re(An)= & for all n
,
then at

least an E-measure set of X lives in



infinitely many An's, is

m3xcX : 74 x =An = E

Proof
a) Put B = 1 W An= limsupAn .

n = 0 kIn n ->e

Clearly B is measurable . Write But Ar .

The

EBunco are decreasing , with
B = Bu

Then obviously Bu B
,

B =Bn for all naIN
.

Hence
,

he(B) = me(Bul, and RM(Bn) = 0 .

This follows since

m(Bn) = x( En An) = nM(An)

which as a tail of a
O I
as n-> 10

.

Thus
,

a

venging one.
We have me(Bn) -> MIB) as n -> co

,
where

Br = An again .



Also
,
for all n

,
he(Bu) =m(An) = m (An)

I E
.

Henn
,
m(B) = E

.

I

Application : Call a sequence 3AnBazo of measurable

sets vanishing Cresp almost vanishing)
if As A

,
I
...

and 1nzoAn is empty CrspaulD .

Let 1X
,
F
,
M) a knile measure space .

Fact : If t is a collection of measurable sets

closed under countable unious & con sets oftainingarbitrarily small measure
,
then there is

an almost-vanishing sequence in
2

.

Proof
For each neN

,
choose An with m(An)<2-Y .

Set

Bu = Fan An
Then Butt, the /Bubnso are decreasing ,auch

a ( Br) = 0 by Bovel-Cantelli ,

Since [m(An) = & 2 < 0 .

n= 0
n =0



Measure Exhaustion

Definition
Call a family 2 of measurable sets almost

disjoint if FAFB in 2
,
AnB is null

.

Lemma
Let m be a 5-finite measure .

Then there
is no uncountable

,
almost disjoint collection of

measurable non-null sets
.

Proof
First assume Me is a finite measure. Let I be

an almost disjoint collection of almost disjoint
measurable V letnon-null sets

.

For each hell
,

2n = Sc = 2 : M(C) = +3
.
Since every set in

2
,

e = En
Clearly each In is finite since M(X)<0,
hence I is countable as a countable

union of finite sets
. E A

HW :

prove for o-finite measure .



Measure exhaustion lemma
Let M be a -finite measure

.

Let

measur
teac Better increasing sequence of

there is a countable x
in an , such that Adam Aa for all as x0

,

ie m(An)Aa = 0

Here /
A =

m
This equality: aa null set , in

Proof
Apply the previous lemma to the family

CAa Abacw
,

his familyasadisjointan eno most disjoint e
family

Ea <w
: AalA is non-null

is countable
,
so there exists a supremum

apw ,
of that set .



Definition
Fix a measure space

(X
,
B
, m) . A measurable

Set A is called an atrm if there is no subset

B = A with

0 < r(B) < m(A) .

me is called atomless if it has no atoms .

Sierpinski's theorem

In an atomless measure space, M attains
everyvalue in 10

,
M(X)7

, including if M(X) = 1.

le
,
for all r=S0

,
m(X)]
,
there is AtB

with

m(A) = r

Proof (sketch)
Claim 1 Every measurable X' admits subsets of

arbitrarily small measure .

Let reC0
,
M(X)

·
Define == sup [M(B)

: M(B) = ~3
.

Claim 2: the supremum
is achieved on a set

A . Idea : Baby Zorn's lemma
.

Then r = v'
,
since otherwise if B=X has M(B) = r

,

then take a set E =XLB with M(C) <r-r
,

so ~<M(BUS)<r
, contradicting defa of~!


